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Abstract
Lagrangian classical field theory of even and odd fields is adequately formulated in terms
of fibre bundles and graded manifolds. In particular, conventional Yang–Mills gauge theory
is theory of connections on smooth principal bundles, but its BRST extension involves odd
ghost fields an antifields on graded manifolds. Here, we formulate Yang–Mills theory of
Grassmann-graded gauge fields associated to Lie superalgebras on principal graded bundles.
A problem lies in a geometric definition of odd gauge fields. Our goal is Yang–Mills theory
of graded gauge fields and its BRST extension.
1 Introduction
Conventional Yang–Mills theory of classical gauge fields is adequately formulated as Lagrangian
theory of principal connections on smooth principal bundles [20, 25]. Here, we aim to develop
Yang–Mills theory of Grassmann-graded even and odd gauge fields associated to Lie superalgebras
which characterize various SUSY extensions of Standard Model. A key point is the geometric
description of odd gauge fields. A main contradiction is that gauge fields are affine objects,
whereas odd fields are linear. A problem also lies in definition of odd fields and their jets.
Even classical fields on an n-dimensional smooth manifold X are adequately represented by
sections of some fibre bundle Y → X , and their Lagrangian theory is comprehensively formulated
in terms of the variational bicomplex on jet manifolds J∗Y of Y [20, 33]. This formulation is based
on the categorial equivalence of projective C∞(X)-modules of finite ranks and vector bundles over
X in accordance with the well-known Serre–Swan theorem, generalized to an arbitrary manifold
[20, 28].
At the same time, different geometric models of odd variables either on graded manifolds or
supermanifolds are discussed [12, 13, 14, 26, 27, 34]. Both graded manifolds and supermanifolds
are phrased in terms of sheaves of graded commutative algebras [4, 20, 31]. However, graded man-
ifolds are characterized by sheaves on smooth manifolds, while supermanifolds are constructed by
gluing of sheaves on supervector spaces. Treating odd fields on a smooth manifold X , we follow
the above mentioned Serre–Swan theorem extended to graded manifolds (Theorem 2) [34, 35]. It
states that, if a graded commutative C∞(X)-ring is generated by a projective C∞(X)-module of
finite rank, it is isomorphic to a ring of graded functions on a graded manifold whose body is X .
In accordance with this theorem, we describe odd fields in terms of graded manifolds [20, 33, 34].
Let us recall that a graded manifold is a locally-ringed space, characterized by a smooth
body manifold Z and some structure sheaf A of Grassmann algebras on Z [4, 20, 31]. This
sheaf is projected as σ (19) onto a sheaf C∞Z of smooth real functions on Z. Its sections form
a graded commutative C∞(Z)-ring A of graded functions on a graded manifold (Z,A). It is
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called the structure ring of (Z,A). The differential calculus on a graded manifold is defined as
the Chevalley–Eilenberg differential calculus on its structure ring (Section 3). However, it is not
a particular noncommutative differential calculus because the Leibniz rule (9) of derivations of a
graded commutative ring differs from that of a noncommutative ring [33].
It is important for our consideration that, by virtue of the well-known Batchelor theorem
(Theorem 1), there exists a vector bundle E → Z with a typical fibre V such that the structure
sheaf A of (Z,A) is isomorphic to a sheaf AE of germs of sections of the exterior bundle ∧E
∗
of the dual E∗ of E whose typical fibre is the Grassmann algebra ∧V ∗ [4, 8]. This Batchelor’s
isomorphism is not canonical. In field models, it however is fixed from the beginning. Therefore,
we restrict our consideration to graded manifolds (Z,AE), called the simple graded manifolds,
modelled over vector bundles E → Z.
Let us note that a smooth manifold Z itself can be treated as a trivial graded manifold (Z,C∞Z )
whose structure ring of graded functions is reduced to a ring C∞(Z) of smooth real functions
on Z (Remark 1). Accordingly, a fibre bundle Y → X in a theory of even classical fields can
be regarded as a graded bundle of trivial graded manifolds (Y,C∞Y ) → (X,C
∞
X ) (Remark 2). It
follows that, in a general setting, one can define a configuration space of theory of even and odd
classical fields as being a graded bundle of graded manifolds (Y,A)→ (X,A′), where Y → X is
a smooth bundle (Definition 3).
Considering even and odd fields on a smooth manifold X , we however restrict our analysis to
graded bundles
(Y,A)→ (X,C∞X ). (1)
over a trivial graded manifold (X,C∞X ) (Definition 4). We call it the graded bundle over a smooth
manifold X . It is denoted by (X,Y,A). If Y → X is a vector bundle, this is a particular case of
graded vector bundles in [16, 27] whose base is a trivial graded manifold. Accordingly, (X,Y,C∞Y )
denotes a fibre bundle Y → X .
As was mentioned above, Lagrangian field theory on a fibre bundle Y → X is formulated
in terms of the variational bicomplex on jet manifolds J∗Y of Y . These are fibre bundles over
X and, therefore, they can be regarded as trivial graded bundles (X, JkY,C∞
JkY
). Then let us
define their partners in the case of the non-trivial graded manifold (1) as follows (Section 6).
Let (Y,AF ) (1) be a simple graded manifold modelled over a vector bundle F → Y where
Y → X is a fibre bundle. We have a composite bundle F → Y → X . Let us consider a k-order
jet manifold JkF of F → X . This is a composite bundle JkF → JkY → X which is a vector
bundle JkF → JkY over a k-order jet manifold JkY of Y → X . Then one can consider a
simple graded manifold (JkY,AJkF ) which also is a graded bundle (X, J
kY,AJkF ) over a smooth
manifold X . We agree to call it the graded k-order jet manifold of a graded bundle (X,Y,AF )
(Definition 7). Obviously, the above mentioned trivial graded jet manifold (X, JkY,C∞
JkY
) of
(Y,AF=Y×{0} = C
∞
Y ) is a trivial graded bundle [20, 34].
This definition differs from that of graded jet bundles in [16, 27], but it reproduces the heuristic
notion of jets of odd ghosts in field-antifield BRST theory [3, 10].
Furthermore, the inverse sequence of jet manifolds
Y
π
←− J1Y ←− · · · Jr−1Y
πrr−1
←− JrY ←− · · · , (2)
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yields the inverse sequence of graded jet manifolds
(Y,AF ) ←−(J
1Y,AJ1F )←− · · · (J
r−1Y,AJr−1F ) ←−(J
rY,AJrF )←− · · · . (3)
One can think on its inverse limit (J∞Y,AJ∞F ) as the graded infinite order jet manifold whose
body is an infinite order jet manifold J∞Y and whose structure sheaf AJ∞F is a sheaf of germs of
graded functions on graded manifolds (J∗Y,AJ∗F ). However (J
∞Y,AJ∞F ) fails to be a graded
manifold in a strict sense because the inverse image J∞Y of the sequence (2) is a Fre´che manifold,
but not the smooth one.
Classical Lagrangian theory of even and odd fields is comprehensively formulated in terms of
a Grassmann-graded variational bicomplex on a graded infinite order jet manifold (J∞Y,AJ∞F )
(Section 7) [20, 34].
However, quantization of Lagrangian field theory essentially depends on its degeneracy char-
acterized by a set of non-trivial reducible Noether identities [3, 7, 21]. These Noether identities
can obey first-stage Noether identities, which in turn are subject to the second-stage ones, and
so on. Thus, there is a hierarchy of Noether and higher-stage Noether identities [7, 20]. Bearing
in mind gauge theory, we here restrict our consideration to irreducible Lagrangian systems whose
Noether identities are independent (Section 8). The inverse second Noether theorem (Theorem
16) associates to them the gauge operator (74) which is a non-trivial gauge symmetry of an
original Lagrangian. Its nilpotent extension is the BRST operator (77). If the BRST operator
exists, it provides the BRST extension of original Lagrangian field theory by Grassmann-graded
ghosts and antifields [19, 20]. This BRST extension is a first step towards BV quantization of
classical field theory in terms of functional integrals [3, 21].
As was mentioned above, classical gauge theory is formulated as Lagrangian theory of prin-
cipal connections on smooth principal bundles (Section 9). Similarly, we develop SUSY gauge
theory in the framework of Grassmann-graded Lagrangian formalism on principal graded bun-
dles (Section 10). A key point is that we consider simple principal graded bundles (Definition
26) subject to an action of an even Lie group, but not the whole graded Lie one. In this case,
odd gauge potentials in comparison with the even ones are linear, but not affine objects (see
Remark 10). At the same time, they admit the affine gauge transformations (141) parameterised
by ghosts. Our goal is Yang–Mills theory of graded gauge fields and its BRST extension (Section
11).
2 Grassmann-graded algebraic calculus
Throughout this work, by the Grassmann gradation is meant Z2-gradation, and a Grassmann
graded structure simply is called the graded structure if there is no danger of confusion. Hereafter,
the symbol [.] stands for the Grassmann parity. Let us summarize the relevant notions of the
Grassmann-graded algebraic calculus [4, 20, 31].
Let K be a commutative ring. A K-module Q is called graded if it is endowed with a grading
automorphism γ, γ2 = Id . A graded module falls into a direct sum of modules Q = Q0 ⊕ Q1
such that
γ(q) = (−1)[q]q, q ∈ Q[q].
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One calls Q0 and Q1 the even and odd parts of Q, respectively. A graded K-module is said to
be free if it has a basis composed by graded-homogeneous elements.
In particular, by a real graded vector space B = B0 ⊕ B1 is meant a graded R-module. A
real graded vector space is said to be (n,m)-dimensional if B0 = R
n and B1 = R
m.
A K-algebra A is called graded if it is a graded K-module such that
[aa′] = ([a] + [a′])mod 2,
where a and a′ are graded-homogeneous elements of A. Its even part A0 is a subalgebra of A,
and the odd one A1 is an A0-module. If A is a graded ring, then [1] = 0.
Given a graded algebra A, a left graded A-module Q is defined as a left A-module where
[aq] = ([a] + [q])mod 2.
Similarly, right graded A-modules are treated.
A graded algebra A is called graded commutative if
aa′ = (−1)[a][a
′]a′a.
In this case, a graded A-module Q is provided with a graded A-bimodule structure by letting
qa = (−1)[a][q]aq, a ∈ A, q ∈ Q.
Given a graded commutative ring A, the following are standard constructions of new graded
modules from old ones.
• The direct sum of graded modules and a graded factor module are defined just as those of
modules over a commutative ring.
• The tensor product P ⊗ Q of graded A-modules P and Q is their tensor product as A-
modules such that
[p⊗ q] = [p] + [q], p ∈ P, q ∈ Q,
ap⊗ q = (−1)[p][a]pa⊗ q = (−1)[p][a]p⊗ aq, a ∈ A.
In particular, the tensor algebra ⊗P of a graded A-module P is defined just as that of a module
over a commutative ring. Its quotient ∧P with respect to the ideal generated by elements
p⊗ p′ + (−1)[p][p
′]p′ ⊗ p, p, p′ ∈ P,
is the bigraded exterior algebra of a graded module P with respect to the graded exterior product
p ∧ p′ = −(−1)[p][p
′]p′ ∧ p.
• A morphism Φ : P → Q of graded A-modules seen as additive groups is said to be an even
graded morphism (resp. an odd graded morphism) if Φ preserves (resp. changes) the Grassmann
parity of all graded-homogeneous elements of P and if the relations
Φ(ap) = (−1)[Φ][a]aΦ(p), p ∈ P, a ∈ A,
hold. A morphism Φ : P → Q of graded A-modules as additive groups is called a graded
A-module morphism if it is represented by a sum of even and odd graded morphisms. A set
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HomA(P,Q) of graded morphisms of a graded A-module P to a graded A-module Q is naturally
a graded A-module. A graded A-module P ∗ = HomA(P,A) is called the dual of a graded
A-module P .
Let V be a real vector space, and let Λ = ∧V be its exterior algebra endowed with the
Grassmann gradation
Λ = Λ0 ⊕ Λ1, Λ0 = R
⊕
k=1
2k
∧ V, Λ1 =
⊕
k=1
2k−1
∧ V. (4)
It is a real graded commutative ring, called the Grassmann algebra. A Grassmann algebra, seen
as an additive group, admits the decomposition
Λ = R⊕R = R⊕R0 ⊕ R1 = R⊕ (Λ1)
2 ⊕ Λ1, (5)
where R is the ideal of nilpotents of Λ. The corresponding epimorphism σ : Λ→ R is called the
body map.
Note that there is a different definition of a Grassmann algebra which is equivalent to the
above mentioned one only in the case of infinite-dimensional vector spaces V [22]. Hereafter, we
restrict our consideration to Grassmann algebras of finite rank when V = RN . Given a basis
{ci} for V , elements of the Grassmann algebra Λ (4) take a form
a =
∑
k=0,1,...
∑
(i1···ik)
ai1···ikc
i1 · · · cik , (6)
where the second sum runs through all the tuples (i1 · · · ik) such that no two of them are permu-
tations of each other.
A graded algebra g is called a Lie superalgebra if its product [., .], called the Lie superbracket,
obeys the relations
[ε, ε′] = −(−1)[ε][ε
′][ε′, ε],
(−1)[ε][ε
′′][ε, [ε′, ε′′]] + (−1)[ε
′][ε][ε′, [ε′′, ε]] + (−1)[ε
′′][ε′][ε′′, [ε, ε′]] = 0.
Being decomposed in even and odd parts g = g0 ⊕ g1, a Lie superalgebra g obeys the relations
[g0, g0] ⊂ g0, [g0, g1] ⊂ g1, [g1, g1] ⊂ g1.
In particular, an even part g0 of a Lie superalgebra g is a Lie algebra.
3 Grassmann-graded differential calculus
Linear differential operators on graded modules over a graded commutative ring are defined
similarly to those in commutative geometry [20, 31, 32].
Let K be a commutative ring and A a graded commutative K-ring. Let P and Q be graded
A-modules. A K-module HomK(P,Q) of graded K-module homomorphisms Φ : P → Q can be
endowed with the two graded A-module structures
(aΦ)(p) = aΦ(p), (Φ • a)(p) = Φ(ap), a ∈ A, p ∈ P, (7)
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called A- and A•-module structures, respectively. Let us put
δaΦ = aΦ− (−1)
[a][Φ]Φ • a, a ∈ A. (8)
An element ∆ ∈ HomK(P,Q) is said to be a Q-valued graded differential operator of order s on
P if δa0 ◦ · · · ◦ δas∆ = 0 for any tuple of s+1 elements a0, . . . , as of A. A set Diff s(P,Q) of these
operators inherits the graded module structures (7).
In particular, zero order graded differential operators coincide with graded A-module mor-
phisms P → Q. A first order graded differential operator ∆ satisfies a relation
δa ◦ δb∆(p) = ab∆(p)− (−1)
([b]+[∆])[a]b∆(ap)− (−1)[b][∆]a∆(bp) +
(−1)[b][∆]+([∆]+[b])[a] = 0, a, b ∈ A, p ∈ P.
For instance, let P = A. Any zero order Q-valued graded differential operator ∆ on A is
defined by its value ∆(1). Then there is a graded A-module isomorphism
Diff 0(A, Q) = Q, Q ∋ q → ∆q ∈ Diff 0(A, Q),
where ∆q is given by the equality ∆q(1) = q. A first order Q-valued graded differential operator
∆ on A fulfils a condition
∆(ab) = ∆(a)b + (−1)[a][∆]a∆(b)− (−1)([b]+[a])[∆]ab∆(1), a, b ∈ A.
It is called the Q-valued graded derivation of A if ∆(1) = 0, i.e., a graded Leibniz rule
∆(ab) = ∆(a)b + (−1)[a][∆]a∆(b), a, b ∈ A, (9)
holds. One then observes that any first order graded differential operator on A falls into a sum
∆(a) = ∆(1)a+ [∆(a) −∆(1)a]
of a zero order graded differential operator ∆(1)a and a graded derivation ∆(a)−∆(1)a. If ∂ is
a graded derivation of A, then a∂ is so for any a ∈ A. Hence, graded derivations of A constitute
a graded A-module d(A, Q), called the graded derivation module. If Q = A, a graded derivation
module dA also is a Lie superalgebra over a commutative ring K with respect to a superbracket
[u, u′] = u ◦ u′ − (−1)[u][u
′]u′ ◦ u, u, u′ ∈ A. (10)
Since dA is a Lie K-superalgebra, let us consider the Chevalley–Eilenberg complex C∗[dA;A]
where a graded commutative ring A is a regarded as a dA-module [15, 20, 32]. It is the complex
0→ K → A
d
−→C1[dA;A]
d
−→· · ·Ck[dA;A]
d
−→· · · (11)
where
Ck[dA;A] = HomK(
k
∧ dA,A)
are dA-modules of K-linear graded morphisms of the graded exterior products
k
∧ dA of a graded
K-module dA to A. Let us bring homogeneous elements of
k
∧ dA into the form
ε1 ∧ · · · εr ∧ ǫr+1 ∧ · · · ∧ ǫk, εi ∈ dA0, ǫj ∈ dA1.
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Then the Chevalley–Eilenberg coboundary operator d of the complex (11) is given by the expres-
sion
dc(ε1 ∧ · · · ∧ εr ∧ ǫ1 ∧ · · · ∧ ǫs) = (12)
r∑
i=1
(−1)i−1εic(ε1 ∧ · · · ε̂i · · · ∧ εr ∧ ǫ1 ∧ · · · ǫs) +
s∑
j=1
(−1)rεic(ε1 ∧ · · · ∧ εr ∧ ǫ1 ∧ · · · ǫ̂j · · · ∧ ǫs) +
∑
1≤i<j≤r
(−1)i+jc([εi, εj ] ∧ ε1 ∧ · · · ε̂i · · · ε̂j · · · ∧ εr ∧ ǫ1 ∧ · · · ∧ ǫs) +
∑
1≤i<j≤s
c([ǫi, ǫj] ∧ ε1 ∧ · · · ∧ εr ∧ ǫ1 ∧ · · · ǫ̂i · · · ǫ̂j · · · ∧ ǫs) +
∑
1≤i<r,1≤j≤s
(−1)i+r+1c([εi, ǫj] ∧ ε1 ∧ · · · ε̂i · · · ∧ εr ∧ ǫ1 ∧ · · · ǫ̂j · · · ∧ ǫs),
where the caret ̂ denotes omission.
It is easily justified that the complex (11) contains a subcomplex O∗[dA] of A-linear graded
morphisms. The N-graded module O∗[dA] is provided with the structure of a bigraded A-algebra
with respect to the graded exterior product
φ ∧ φ′(u1, ..., ur+s) =
∑
i1<···<ir;j1<···<js
Sgni1···irj1···js1···r+s φ(ui1 , . . . , uir)φ
′(uj1 , . . . , ujs), (13)
φ ∈ Or [dA], φ′ ∈ Os[dA], uk ∈ dA,
where u1, . . . , ur+s are graded-homogeneous elements of dA and
u1 ∧ · · · ∧ ur+s = Sgn
i1···irj1···js
1···r+s ui1 ∧ · · · ∧ uir ∧ uj1 ∧ · · · ∧ ujs .
The graded Chevalley–Eilenberg coboundary operator d (12) and the graded exterior product ∧
(13) bring O∗[dA] into a differential bigraded algebra whose elements obey relations
φ ∧ φ′ = (−1)|φ||φ
′|+[φ][φ′]φ′ ∧ φ, d(φ ∧ φ′) = dφ ∧ φ′ + (−1)|φ|φ ∧ dφ′. (14)
It is called the graded Chevalley–Eilenberg differential calculus over a graded commutative K-ring
A. In particular, we have
O1[dA] = HomA(dA,A) = dA
∗. (15)
One can extend this duality relation to the graded interior product of u ∈ dA with any element
φ ∈ O∗[dA] by the rules
u⌋(bda) = (−1)[u][b]bu(a), a, b ∈ A,
u⌋(φ ∧ φ′) = (u⌋φ) ∧ φ′ + (−1)|φ|+[φ][u]φ ∧ (u⌋φ′). (16)
As a consequence, any graded derivation u ∈ dA of A yields a derivation
Luφ = u⌋dφ+ d(u⌋φ), φ ∈ O
∗, u ∈ dA, (17)
Lu(φ ∧ φ
′) = Lu(φ) ∧ φ
′ + (−1)[u][φ]φ ∧ Lu(φ
′),
called the graded Lie derivative of the differential bigraded algebra O∗[dA].
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The minimal graded Chevalley–Eilenberg differential calculus O∗A ⊂ O∗[dA] over a graded
commutative ring A consists of the monomials a0da1 ∧ · · · ∧ dak, ai ∈ A. The corresponding
complex
0→ K −→A
d
−→O1A
d
−→· · ·OkA
d
−→· · · (18)
is called the bigraded de Rham complex of a graded commutative K-ring A.
4 Graded manifolds
A graded manifold of dimension (n,m) is defined as a local-ringed space (Z,A) where Z is an
n-dimensional smooth manifold Z and A = A0 ⊕ A1 is a sheaf of Grassmann algebras Λ of rank
m such that [4, 20, 31]:
• there is the exact sequence of sheaves
0→R→ A
σ
→C∞Z → 0, R = A1 + (A1)
2, (19)
where σ is a body epimorphism onto a sheaf C∞Z of smooth real functions on Z;
• R/R2 is a locally free sheaf of C∞Z -modules of finite rank (with respect to pointwise oper-
ations), and the sheaf A is locally isomorphic to the exterior product ∧C∞
Z
(R/R2).
The sheaf A is called a structure sheaf of a graded manifold (Z,A), and a manifold Z is
said to be the body of (Z,A). Sections of the sheaf A are called graded functions on a graded
manifold (Z,A). They make up a graded commutative C∞(Z)-ring A(Z) called the structure
ring of (Z,A).
A graded manifold (Z,A) possesses the following local structure. Given a point z ∈ Z, there
exists its open neighborhood U , called a splitting domain, such that
A(U) = C∞(U)⊗ ∧Rm.
This means that the restriction A|U of the structure sheaf A to U is isomorphic to the sheaf
C∞U ⊗ ∧R
m of sections of some exterior bundle U × ∧Rm → U . The well-known Batchelor
theorem [4, 8] states that such a structure of a graded manifold is global as follows.
Theorem 1. Let (Z,A) be a graded manifold. There exists a vector bundle E → Z with
an m-dimensional typical fibre V such that the structure sheaf A of (Z,A) is isomorphic to the
structure sheaf AE of germs of sections of the exterior bundle ∧E
∗ → Z, whose typical fibre is a
Grassmann algebra ∧V ∗.
Combining Batchelor Theorem 1 and the classical Serre–Swan theorem leads to the following
Serre–Swan theorem for graded manifolds [6, 35].
Theorem 2. Let Z be a smooth manifold. A graded commutative C∞(Z)-algebra A is
isomorphic to the structure ring of a graded manifold with a body Z iff it is the exterior algebra
of some projective C∞(Z)-module of finite rank.
It should be emphasized that Batchelor’s isomorphism in Theorem 1 fails to be canonical.
We agree to call (Z,AE) in Theorem 1 the simple graded manifold modelled over a vector bundle
E → Z, named its characteristic vector bundle. Accordingly, a structure ring AE(Z) of a simple
graded manifold (Z,AE) is a structure module
AE = AE(Z) = ∧E
∗(Z) (20)
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of sections of the exterior bundle ∧E∗.
Remark 1. Hereafter, it is convenient to treat a local-ringed space
(Z,A0 = C
∞
Z ) (21)
as a trivial graded manifold. It is a simple graded manifold whose characteristic bundle is
E = Z × {0}. Its structure module is a ring C∞(Z) of smooth real functions on Z.
Given a simple graded manifold (Z,AE), every trivialization chart (U ; z
A, qa) of a vector
bundle E → Z yields a splitting domain (U ; zA, ca) of (Z,AE) where {c
a} is the corresponding
local fibre basis for E∗ → X , i.e., ca are locally constant sections of E∗ → X such that qb◦c
a = δab .
Graded functions on such a chart are Λ-valued functions
f =
m∑
k=0
1
k!
fa1...ak(z)c
a1 · · · cak , (22)
where fa1···ak(z) are smooth functions on U . One calls {z
A, ca} the local basis for a graded
manifold (Z,AE). Transition functions q
′a = ρab (z
A)qb of bundle coordinates on E → Z induce
the corresponding transformation
c′a = ρab (z
A)cb (23)
of the associated local basis for a graded manifold (Z,AE) and the according coordinate trans-
formation law of graded functions (22).
Note that, in general, automorphisms of a graded manifold take a form c′a = ρa(zA, cb),
where ρa(zA, cb) are local graded functions. Considering a simple graded manifold (Z,AE), one
restricts the class of graded manifold transformations to the linear ones (23), compatible with
given Batchelor’s isomorphism.
Let us consider the graded derivation module dA(Z) of a real graded commutative ring A(Z).
It is a real Lie superalgebra relative to the superbracket (10). Its elements are called the graded
vector fields on a graded manifold (Z,A). A key point is that graded vector fields u ∈ dAE on a
simple graded manifold (Z,AE) are represented by sections of some vector bundle as follows [20].
Due to the canonical splitting V E = E × E, the vertical tangent bundle V E of E → Z can
be provided with the fibre bases {∂/∂ca}, which are the duals of the bases {ca}. Then graded
vector fields on a splitting domain (U ; zA, ca) of (Z,AE) read
u = uA∂A + u
a ∂
∂ca
, (24)
where uA, ua are local graded functions on U . In particular,
∂
∂ca
◦
∂
∂cb
= −
∂
∂cb
◦
∂
∂ca
, ∂A ◦
∂
∂ca
=
∂
∂ca
◦ ∂A.
The graded derivations (24) act on graded functions f ∈ AE(U) (22) by the rule
u(fa...bc
a · · · cb) = uA∂A(fa...b)c
a · · · cb + ukfa...b
∂
∂ck
⌋(ca · · · cb). (25)
This rule implies the corresponding coordinate transformation law
u′A = uA, u′a = ρaju
j + uA∂A(ρ
a
j )c
j
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of graded vector fields. It follows that graded vector fields (24) are sections of the following vector
bundle VE → Z. This vector bundle is locally isomorphic to the vector bundle
VE |U ≈ ∧E
∗⊗
Z
(E⊕
Z
TZ)|U ,
and it is characterized by an atlas of bundle coordinates (zA, zAa1...ak , v
i
b1...bk
), k = 0, . . . ,m,
possessing transition functions
z′Ai1...ik = ρ
−1a1
i1
· · · ρ−1akik z
A
a1...ak
,
v′ij1...jk = ρ
−1b1
j1
· · · ρ−1bkjk
[
ρijv
j
b1...bk
+
k!
(k − 1)!
zAb1...bk−1∂Aρ
i
bk
]
.
Given a structure ring AE of graded functions on a simple graded manifold (Z,AE) and
the real Lie superalgebra dAE of its graded derivations, let us consider the graded Chevalley–
Eilenberg differential calculus
S∗[E;Z] = O∗[dAE ] (26)
over AE . Since the graded derivation module dAE is isomorphic to the structure module of
sections of a vector bundle VE → Z, elements of S
∗[E;Z] are represented by sections of the
exterior bundle ∧VE of the AE -dual VE → Z of VE. With respect to the dual fibre bases {dz
A}
for T ∗Z and {dcb} for E∗, sections of VE take a coordinate form
φ = φAdz
A + φadc
a,
together with transition functions
φ′a = ρ
−1b
aφb, φ
′
A = φA + ρ
−1b
a∂A(ρ
a
j )φbc
j .
The duality isomorphism S1[E;Z] = dA∗E (15) is given by the graded interior product
u⌋φ = uAφA + (−1)
[φa]uaφa.
Elements of S∗[E;Z] are called graded exterior forms on a graded manifold (Z,AE).
Seen as an AE-algebra, the differential bigraded algebra S
∗[E;Z] (26) on a splitting domain
(U ; zA, ca) is locally generated by graded one-forms dzA, dci such that
dzA ∧ dci = −dci ∧ dzA, dci ∧ dcj = dcj ∧ dci.
Accordingly, the graded Chevalley–Eilenberg coboundary operator d (12), called the graded
exterior differential, reads
dφ = dzA ∧ ∂Aφ+ dc
a ∧
∂
∂ca
φ,
where derivatives ∂λ, ∂/∂c
a act on coefficients of graded exterior forms by the formula (25), and
they are graded commutative with graded forms dzA and dca. The formulas (14) – (17) hold.
One can show that the differential bigraded algebra S∗[E;Z] (26) is a minimal differential
calculus over AE , i.e., it is generated by elements df , f ∈ AE [20, 34].
The bigraded de Rham complex (18) of the minimal graded Chevalley–Eilenberg differential
calculus S∗[E;Z] reads
0→ R→ AE
d
−→S1[E;Z]
d
−→· · · Sk[E;Z]
d
−→· · · . (27)
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Its cohomology H∗(AE) is called the de Rham cohomology of a simple graded manifold (Z,AE).
In particular, given the differential graded algebra O∗(Z) of exterior forms on Z, there exists
a canonical monomorphism
O∗(Z)→ S∗[E;Z] (28)
and a body epimorphism S∗[E;Z] → O∗(Z) which are cochain morphisms of the de Rham
complex (27) and that of O∗(Z). The de Rham cohomology of a simple graded manifold (Z,AE)
equals the de Rham cohomology of its body Z [20].
5 Graded bundles
A morphism of graded manifolds (Z,A)→ (Z ′,A′) is defined as that of local-ringed spaces
φ : Z → Z ′, Φ̂ : A′ → φ∗A, (29)
where φ is a manifold morphism and Φ̂ is a sheaf morphism of A′ to the direct image φ∗A of A
onto Z ′ [17, 38]. The morphism (29) of graded manifolds is said to be:
• a monomorphism if φ is an injection and Φ̂ is an epimorphism;
• an epimorphism if φ is a surjection and Φ̂ is a monomorphism.
Definition 3. An epimorphism of graded manifolds (Z,A) → (Z ′,A′) where Z → Z ′ is a
fibre bundle is called the graded bundle.
Let E → Z and E′ → Z be vector bundles and Φ : E → E′ their bundle morphism over a
morphism φ : Z → Z ′. Then every section s∗ of the dual bundle E′∗ → Z ′ defines the pull-back
section Φ∗s∗ of the dual bundle E∗ → Z by the law
vz⌋Φ
∗s∗(z) = Φ(vz)⌋s
∗(ϕ(z)), vz ∈ Ez.
It follows that a bundle morphism (Φ, φ) yields a morphism of simple graded manifolds
(Z,AE)→ (Z
′,AE′). (30)
This is a pair (φ, Φ̂ = φ∗ ◦ Φ
∗) of a morphism φ of body manifolds and the composition φ∗ ◦ Φ
∗
of the pull-back
AE′ ∋ f → Φ
∗f ∈ AE
of graded functions and the direct image φ∗ of a sheaf AE onto Z
′. Relative to local bases (zA, ca)
and (z′A, c′a) for (Z,AE) and (Z
′,AE′), the morphism (30) of simple graded manifolds reads
z′ = φ(z), Φ̂(c′a) = Φab (z)c
b.
For instance, the graded manifold morphism (30) is a monomorphism (resp. epimorphism) if Φ
is a bundle injection (resp. surjection).
In particular, let (Y,A) be a graded manifold whose body Z = Y is a fibre bundle π : Y → X .
Let us consider the trivial graded manifold (X,A0 = C
∞
X ) (21). Then we have a graded bundle
(Y,A)→ (X,C∞X ) (31)
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in accordance with Definition 3.
Definition 4. We agree to call the graded bundle (31) over a trivial graded manifold
(X,C∞X ) the graded bundle over a smooth manifold. Let us denote it by (X,Y,A).
If Y → X is a vector bundle, this is a particular case of graded fibre bundles in [16, 27] when
their base is a trivial graded manifold.
Remark 2. Let Y → X be a fibre bundle. Then a trivial graded manifold (Y,C∞Y ) together
with a real ring monomorphism C∞(X)→ C∞(Y ) is the graded bundle (X,Y,C∞Y ) (31).
Remark 3. A graded manifold (X,A) itself can be treated as the graded bundle (X,X,A)
(31) associated to the identity smooth bundle X → X .
Given a graded bundle (X,Y,A), a local basis for a graded manifold (Y,A) can be brought
into a form (xλ, yi, ca) where (xλ, yi) are bundle coordinates of Y → X .
Let (Y,AF ) be a simple graded manifold modelled over a vector bundle F → Y . This is a
graded bundle (X,Y,AF ) together with a composite bundle
F → Y → X. (32)
Accordingly, there is a composite bundle
∧
Y
F ∗ → Y → X
so that the structure ring AF = ∧F
∗(Y ) (20) of graded functions on a simple graded manifold
(Y,AF ) is a graded commutative C
∞(X)-ring. Let the composite bundle (32) be provided with
adapted bundle coordinates (xλ, yi, qa) possessing transition functions
x′λ(xµ), y′i(xµ, yj), q′a = ρab (x
µ, yj)qb.
Then the corresponding local basis for a graded manifold is (xλ, yi, ca) together with transition
functions
x′λ(xµ), y′i(xµ, yj), c′a = ρab (x
µ, jj)cb.
We call it the local basis for a graded bundle (X,Y,AF ).
Any global section s of a fibre bundle Y → X yields the pull-back vector bundle s∗F → X
over X which is a subbundle of a fibre bundle Y → X [31, 33]. Let (X,As∗F ) be a simple graded
manifold modelled over the pull-back bundle sF . Its structure ring consists of global sections of
the pull-back bundle
s∗ ∧ F ∗ = ∧s∗F ∗ → X, (33)
which is a subbundle of a fibre bundle ∧F ∗ → X . With a global section s of a fibre bundle Y → X ,
any global section f of an exterior bundle ∧F ∗ → Y defines a global section f ◦ s of the exterior
bundle (33). The correspondence f → f ◦ s yields an even morphism of a graded commutative
C∞(X)-ring AF to a graded commutative ring As∗F . This morphism is an epimorphism because
any global section of a subbundle s∗ ∧ F ∗ ⊂ ∧F ∗ → X is a local section of ∧F ∗ → Y over a
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closed subset s(X) ⊂ Y and, therefore, it can be extended to a global section f of ∧F ∗ → Y .
Passing to the sheafs AF and As∗F of germs of graded functions, we come to the following.
Theorem 5. Given a graded bundle (X,Y,AF ), any global section s : X → Y of a fibre
bundle Y → X yields a monomorphism of a graded manifold (X,As∗F ) to a graded manifold
(Y,AF ).
6 Graded jet manifolds
As was mentioned above, Lagrangian theory of even fields represented by sections of a fibre
bundle Y → X is formulated on jet manifolds J∗Y of Y → X . Therefore, one must define jets
of odd fields.
Given a graded manifold (X,A) and its structure ring A, one can define the jet module J1A
of a C∞(X)-ring A [17, 32]. If (X,AE) is a simple graded manifold modelled over a vector bundle
E → X , the jet module J1AE is a module of global sections of the jet bundle J
1(∧E∗). From
the mathematical viewpoint, a problem is that J1AE fails to be a structure ring of some graded
manifold. From the physical viewpoint, elements of J1AE are affine in jets of odd fields.
By this reason, we have suggested a different construction of jets of graded manifolds, though
it is applied only to simple graded manifolds [20, 33, 34].
Let (X,AE) be a simple graded manifold modelled over a vector bundle E → X . Let us
consider a k-order jet manifold JkE of E It is a vector bundle over X . Then let (X,AJkE) be a
simple graded manifold modelled over JkE → X .
Definition 6. We agree to call (X,AJkE) the graded k-order jet manifold of a simple graded
manifold (X,AE).
Given a splitting domain (U ;xλ, ca) of a graded manifold (Z,AE), we have a splitting domain
(U ;xλ, ca, caλ, c
a
λ1λ2
, . . . caλ1...λk), c
′a
λλ1...λr
= ρab (x)c
a
λλ1...λr
+ ∂λρ
a
b (x)c
a
λ1...λr
,
of a graded jet manifold (X,AJkE).
Remark 4. Given a manifold X and its coordinate chart (U ;xλ), a multi-index Λ of the
length |Λ| = k throughout denotes a collection of indices (λ1...λk) modulo permutations. By λ+Λ
is meant a multi-index (λλ1 . . . λk). Summation over a multi-index Λ means separate summation
over each its index λi. We use the compact notation ∂Λ = ∂λk ◦ · · · ◦ ∂λ1 and Λ = (λ1...λk).
As was mentioned above, a graded manifold is a particular graded bundle over its body
(Remark 3). Then Definition 6 of graded jet manifolds is generalized to graded bundles over
smooth manifolds as follows.
Let (X,Y,AF ) be a graded bundle modelled over the composite bundle (32). It is readily
observed that the jet manifold JrF of F → X is a vector bundle JrF → JrY coordinated by
(xλ, yiΛ, q
a
Λ), 0 ≤ |Λ| ≤ r. Let (J
rY,Ar = AJrF ) be a simple graded manifold modelled over this
vector bundle. Its local basis is (xλ, yiΛ, c
a
Λ), 0 ≤ |Λ| ≤ r.
Definition 7. We call (JrY,Ar) the graded r-order jet manifold of a graded bundle
(X,Y,AF ).
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In particular, let Y → X be a smooth bundle seen as a trivial graded bundle (X,Y,C∞Y )
modelled over a composite bundle Y × 0→ Y → X . Then its graded jet manifold in accordance
with Definition 7 is a trivial graded bundle (X, JrY,C∞
JrY )), i.e., a jet manifold J
rY of Y .
Thus, Definition 7 of graded jet manifolds of graded bundles is compatible with the conven-
tional definition of jets of fibre bundles. As was mentioned above, it however differs from that of
jet graded bundles in [16, 27].
Jet manifolds J∗Y of a fibre bundle Y → X form the inverse sequence (2) where πrr−1 are
affine bundles. One can think of elements of its projective limit J∞Y as being infinite order jets of
sections of Y → X identified by their Taylor series at points of X . The set J∞Y is endowed with
the projective limit topology which makes J∞Y into a paracompact Fre´chet manifold [20, 37].
It is called the infinite order jet manifold and is provided with with the adapted coordinates
(xλ, yiΛ), 0 ≤ |Λ|, y
′i
λ+Λ =
∂xµ
∂x′λ
dµy
′i
Λ, (34)
where
dλ = ∂λ + y
i
λ∂i +
∑
0<|Λ|
yiλ+Λ∂
Λ
i
are total derivatives. The inverse sequence (2) of jet manifolds yields the direct sequence of
graded differential algebras O∗r of exterior forms on finite order jet manifolds
O∗(X)
π∗
−→O∗(Y )
π1
0
∗
−→O∗1 −→ · · ·O
∗
r−1
πrr−1
∗
−→ O∗r −→ · · · , (35)
where πrr−1
∗ are the pull-back monomorphisms. Its direct limit O∗∞ =
→
limO∗r exists and consists
of all exterior forms on finite order jet manifolds modulo the pull-back identification. The O∗∞
is a differential graded algebra which inherits the operations of the exterior differential d and
exterior product ∧ of exterior algebras O∗r . A key point is that the cohomology H
∗(O∗∞) of the
de Rham complex
0 −→ R −→ O0∞
d
−→O1∞
d
−→· · · (36)
of a differential graded algebra O∗∞ equals the de Rham cohomology of a fibre bundle Y [2, 20].
Surjections πr+1r : J
r+1Y → JrY (2) yield epimorphisms of graded manifolds
(πr+1r , π̂
r+1
r ) : (J
r+1Y,Ar+1)→ (J
rY,Ar),
including the sheaf monomorphisms
π̂r+1r : π
r+1∗
r Ar → Ar+1, (37)
where πr+1∗r Ar is the pull-back onto J
r+1Y of a continuous fibre bundle Ar → J
rY . As a
consequence, we have the inverse sequence of graded manifolds (3).
The sheaf monomorphism (37) induces a monomorphism of canonical presheaves Ar → Ar+1,
which associates to each open subset U ⊂ Jr+1Y the ring of sections of Ar over π
r+1
r (U).
Accordingly, there is a monomorphism of the structure rings
πr+1∗r : S
0
r [F ;Y ]→ S
0
r+1[F ;Y ] (38)
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of graded functions on graded manifolds (JrY,Ar) and (J
r+1Y,Ar+1). Since the differential
calculus S∗r [F ;Y ] and S
∗
r+1[F ;Y ] are minimal. Therefore, the monomorphism (38) yields a
monomorphism of differential bigraded algebras
πr+1∗r : S
∗
r [F ;Y ]→ S
∗
r+1[F ;Y ]. (39)
As a consequence, we have the direct system of differential bigraded algebras
S∗[F ;Y ]
π∗
−→S∗1 [F ;Y ] −→· · · S
∗
r−1[F ;Y ]
πr∗r−1
−→S∗r [F ;Y ] −→· · · . (40)
The differential bigraded algebra S∗∞[F ;Y ] that we associate to a graded bundle (Y,AF ) is defined
as the direct limit
S∗∞[F ;Y ] =
→
limS∗r [F ;Y ] (41)
of the direct system (40). It consists of all graded exterior forms φ ∈ S∗[Fr; J
rY ] on graded
manifolds (JrY,Ar) modulo the monomorphisms (39). Its elements obey the relations (14).
The cochain monomorphisms O∗r → S
∗
r [F ;Y ] (28) provide a monomorphism of the direct
system (35) to the direct system (40) and, consequently, a monomorphism O∗∞ → S
∗
∞[F ;Y ] of
their direct limits. In particular, S∗∞[F ;Y ] is an O
0
∞-algebra.
One can think of elements of S∗∞[F ;Y ] as being graded differential forms on an infinite order
jet manifold J∞Y [20]. In particular, one can restrict S∗∞[F ;Y ] to the coordinate chart (34) of
J∞Y and say that S∗∞[F ;Y ] as an O
0
∞-algebra is locally generated by the elements
(caΛ, dx
λ, θaΛ = dc
a
Λ − c
a
λ+Λdx
λ, θiΛ = dy
i
Λ − y
i
λ+Λdx
λ), 0 ≤ |Λ|,
where caΛ, θ
a
Λ are odd and dx
λ, θiΛ are even. We agree to call (y
i, ca) the local generating basis
for S∗∞[F ;Y ]. Let the collective symbol s
A stand for its elements. Accordingly, the notation sAΛ
and θAΛ = ds
A
Λ − s
A
λ+Λdx
λ is introduced. For the sake of simplicity, we further denote [A] = [sA].
7 Lagrangian theory of even and odd fields
A differential bigraded algebra S∗∞[F ;Y ] is decomposed into S
0
∞[F ;Y ]-modules S
k,r
∞ [F ;Y ] of
k-contact and r-horizontal graded forms together with the corresponding projections
hk : S
∗
∞[F ;Y ]→ S
k,∗
∞ [F ;Y ], h
m : S∗∞[F ;Y ]→ S
∗,m
∞ [F ;Y ].
Accordingly, the graded exterior differential d on S∗∞[F ;Y ] falls into a sum d = dV + dH of the
vertical graded differential
dV ◦ h
m = hm ◦ d ◦ hm, dV (φ) = θ
A
Λ ∧ ∂
Λ
Aφ, φ ∈ S
∗
∞[F ;Y ],
and the total graded differential
dH ◦ hk = hk ◦ d ◦ hk, dH ◦ h0 = h0 ◦ d, dH(φ) = dx
λ ∧ dλ(φ),
where
dλ = ∂λ +
∑
0≤|Λ|
sAλ+Λ∂
Λ
A
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are the graded total derivatives. These differentials obey the nilpotent relations
dH ◦ dH = 0, dV ◦ dV = 0, dH ◦ dV + dV ◦ dH = 0.
Similarly to a differential graded algebra O∗∞, a differential bigraded algebra S
∗
∞[F ;Y ] is
provided with the graded projection endomorphism
̺ =
∑
k>0
1
k
̺ ◦ hk ◦ h
n : S∗>0,n∞ [F ;Y ]→ S
∗>0,n
∞ [F ;Y ],
̺(φ) =
∑
0≤|Λ|
(−1)|Λ|θA ∧ [dΛ(∂
Λ
A⌋φ)], φ ∈ S
>0,n
∞ [F ;Y ],
such that ̺ ◦ dH = 0, and with the nilpotent graded variational operator
δ = ̺ ◦ dS∗,n∞ [F ;Y ]→ S
∗+1,n
∞ [F ;Y ]. (42)
With these operators a differential bigraded algebra S∗,∞[F ;Y ] is decomposed into the Grassmann-
graded variational bicomplex [20, 29, 34].
We restrict our consideration to its short variational subcomplex
0→ R→ S0∞[F ;Y ]
dH−→S0,1∞ [F ;Y ] · · ·
dH−→S0,n∞ [F ;Y ]
δ
−→E1, (43)
E1 = ̺(S
1,n
∞ [F ;Y ]), n = dimX,
and the subcomplex of one-contact graded forms
0→ S1,0∞ [F ;Y ]
dH−→S1,1∞ [F ;Y ] · · ·
dH−→S1,n∞ [F ;Y ]
̺
−→E1 → 0. (44)
They possess the following cohomology [18, 29, 34].
Theorem 8. Cohomology of the complex (43) equals the de Rham cohomology H∗DR(Y ) of
Y . The complex (44) is exact.
Decomposed into a variational bicomplex, the differential bigraded algebra S∗∞[F ;Y ] describes
Grassmann-graded field theory on a graded bundle (X,Y,AF ). Its graded Lagrangian is defined
as an element
L = Lω ∈ S0,n∞ [F ;Y ]
of the graded variational complex (43). Accordingly, a graded exterior form
δL = θA ∧ EAω =
∑
0≤|Λ|
(−1)|Λ|θA ∧ dΛ(∂
Λ
AL)ω ∈ E1 (45)
is said to be its graded Euler–Lagrange operator. We agree to call a pair (S0,n∞ [F ;Y ], L) the
Grassmann-graded (or, simply, graded) Lagrangian system and S∗∞[F ;Y ] the field system algebra.
The following is a corollary of Theorem 8 [20, 34].
Theorem 9. Every dH -closed graded form φ ∈ S
0,m<n
∞ [F ;Y ] falls into the sum
φ = h0σ + dHξ, ξ ∈ S
0,m−1
∞ [F ;Y ], (46)
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where σ is a closed m-form on Y . Any δ-closed (i.e., variationally trivial) graded Lagrangian
L ∈ S0,n∞ [F ;Y ] is a sum
L = h0σ + dHξ, ξ ∈ S
0,n−1
∞ [F ;Y ], (47)
where σ is a closed n-form on Y .
Corollary 10. Any variationally trivial odd Lagrangian is dH -exact.
The exactness of the complex (44) at the term S1,n∞ [F ;Y ] results in the following [18, 20, 34].
Theorem 11. Given a graded Lagrangian L, there is the decomposition
dL = δL− dHΞL, Ξ ∈ S
n−1
∞ [F ;Y ], (48)
ΞL = L+
∑
s=0
θAνs...ν1 ∧ F
λνs...ν1
A ωλ, (49)
F νk...ν1A = ∂
νk...ν1
A L − dλF
λνk...ν1
A + σ
νk...ν1
A , k = 1, 2, . . . ,
where local graded functions σ obey the relations
σνA = 0, σ
(νkνk−1)...ν1
A = 0.
The form ΞL (49) provides a global Lepage equivalent of a graded Lagrangian L. In particular,
one can locally choose ΞL (49) where all functions σ vanish.
Given a graded Lagrangian system (S∗∞[F ;Y ], L), by its infinitesimal transformations are
meant contact graded derivations of the real graded commutative ring S0∞[F ;Y ]. They con-
stitute a S0∞[F ;Y ]-module dS
0
∞[F ;Y ] which is a real Lie superalgebra with respect to the Lie
superbracket (10).
Theorem 12. The derivation module dS0∞[F ;Y ] is isomorphic to the S
0
∞[F ;Y ]-dual (S
1
∞[F ;Y ])
∗
of the module of graded one-forms S1∞[F ;Y ]. It follows that the differential bigraded algebra
S∗∞[F ;Y ] is minimal differential calculus over the real graded commutative ring S
0
∞[F ;Y ] [20, 34].
Let ϑ⌋φ, ϑ ∈ dS0∞[F ;Y ], φ ∈ S
1
∞[F ;Y ], denote the corresponding interior product. Extended
to the differential bigraded algebra S∗∞[F ;Y ], it obeys the rule
ϑ⌋(φ ∧ σ) = (ϑ⌋φ) ∧ σ + (−1)|φ|+[φ][ϑ]φ ∧ (ϑ⌋σ), φ, σ ∈ S∗∞[F ;Y ].
Restricted to a coordinate chart (34) of J∞Y , the algebra S∗∞[F ;Y ] is a free S
0
∞[F ;Y ]-
module generated by one-forms dxλ, θAΛ . Due to the isomorphism stated in Theorem 12, any
graded derivation ϑ ∈ dS0∞[F ;Y ] takes a local form
ϑ = ϑλ∂λ + ϑ
A∂A +
∑
0<|Λ|
ϑAΛ∂
Λ
A, (50)
where ∂ΛA⌋dy
B
Σ = δ
B
Aδ
Λ
Σ up to permutations of multi-indices Λ and Σ.
Every graded derivation ϑ (50) yields the graded Lie derivative
Lϑφ = ϑ⌋dφ+ d(ϑ⌋φ), φ ∈ S
∗
∞[F ;Y ],
Lϑ(φ ∧ σ) = Lϑ(φ) ∧ σ + (−1)
[ϑ][φ]φ ∧ Lϑ(σ),
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of the differential bigraded algebra S∗∞[F ;Y ]. A graded derivation ϑ (50) is called contact if the
Lie derivative Lϑ preserves the ideal of contact graded forms of the differential bigraded algebra
S∗∞[F ;Y ].
With respect to the local generating basis (sA) for the differential bigraded algebra S∗∞[F ;Y ],
any its contact graded derivation takes a form
ϑ = υH + υV = υ
λdλ + [υ
A∂A +
∑
|Λ|>0
dΛ(υ
A − sAµ υ
µ)∂ΛA], (51)
where υH and υV denotes the horizontal and vertical parts of ϑ. In particular, a vertical contact
graded derivation reads
ϑ = υA∂A +
∑
|Λ|>0
dΛυ
A∂ΛA. (52)
A glance at the expression (51) shows that a contact graded derivation ϑ as an infinite order
jet prolongation of its restriction
υ = υλ∂λ + υ
A∂A (53)
to the graded commutative ring S0[F ;Y ]. We call υ (53) the generalized graded vector field.
A corollary of the decomposition (48) is the first variational formula for a graded Lagrangian
[5, 18, 20].
Theorem 13. The Lie derivative of a graded Lagrangian along any contact graded derivation
(51) obeys the first variational formula
LϑL = υV ⌋δL+ dH(h0(ϑ⌋ΞL)) + dV (υH⌋ω)L, (54)
where ΞL is the Lepage equivalent (49) of L.
A contact graded derivation ϑ (51) is called a variational symmetry of a graded Lagrangian
L if the Lie derivative LϑL is dH -exact, i.e., LϑL = dHσ. Then a corollary of the first variational
formula (54) is the first Noether theorem for graded Lagrangians.
Theorem 14. If a contact graded derivation ϑ (51) is a variational symmetry of a graded
Lagrangian L, the first variational formula (54) leads to the weak conservation law
0 ≈ dH(h0(ϑ⌋ΞL)− σ) (55)
on the shell Ker δL.
For the sake of brevity, the common symbol υ further stands for the generalized graded vector
field υ (53), the contact graded derivation ϑ (51) determined by υ, and a Lie derivative Lϑ.
A vertical contact graded derivation υ = υA∂A is said to be nilpotent if υ(υφ) = 0 for
any horizontal graded form φ ∈ S0,∗∞ [F, Y ]. It is nilpotent only if it is odd and iff the equality
υ(υA) = 0 holds for all υA [18].
Remark 5. For the sake of convenience, right derivations
←
υ =
←
∂ Aυ
A also are considered.
They act on graded functions and differential forms φ on the right by the rules
←
υ (φ) = dφ⌊
←
υ +d(φ⌊
←
υ ),
←
υ (φ ∧ φ′) = (−1)[φ
′]←υ (φ) ∧ φ′ + φ ∧
←
υ (φ′).
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8 Lagrangian BRST theory
As was mentioned above, quantization of Lagrangian field theory essentially depends on its
degeneracy characterized by a hierarchy of Noether identities, and a first step to this quantization
is BRST extension of an original Lagrangian theory [3, 20, 21].
Any Lagrangian system admits Noether identities. Therefore, a problem lies in separation
of trivial and non-trivial Noether identities that one can perform in the homology terms so that
trivial Noether identities are boundaries, whereas the non-trivial ones are cycles of some chain
complex [6, 7, 20].
Without a lose of generality, let a Lagrangian L of a graded Lagrangian system (S0,n∞ [F ;Y ], L)
be even. Its Euler–Lagrange Euler–Lagrange operator δL ∈ E1 ⊂ S
1,n
∞ [F ;Y ] (45) takes the values
into a vector bundle
V F = V ∗F ⊗
F
n
∧T ∗X → F, (56)
where V ∗F is the vertical cotangent bundle of F → X . For our purpose of studying gauge theory,
it suffices to consider a pull-back composite bundle F (32) that is
F = Y ×
X
F 1 → Y → X, (57)
where F 1 → X is a vector bundle.
Let us introduce the following notation. Given the vertical tangent bundle V E of a fibre
bundle E → X , by its density-dual bundle is meant a fibre bundle
V E = V ∗E⊗
E
n
∧T ∗X. (58)
If E → X is a vector bundle, we have
V E = E×
X
E, E = E∗⊗
X
n
∧T ∗X,
where E is called the density-dual of E. Let E = E0 ⊕X E
1 be a graded vector bundle over X .
Its graded density-dual is defined to be E = E
1
⊕X E
0
. In these terms, we treat the composite
bundle F (32) as a graded vector bundle over Y possessing only an odd part. The density-dual
V F (58) of the vertical tangent bundle V F of F → X is V F (56). If F (32) is the pull-back
bundle (57), then
V F = ((F
1
⊕
Y
V ∗Y )⊗
Y
n
∧T ∗X)⊕
Y
F 1 (59)
is a graded vector bundle over Y . Given a graded vector bundle E = E0 ⊕Y E
1 over Y , we
consider a composite bundle E → E0 → X and the differential bigraded algebra (41):
P∗∞[E;Y ] = S
∗
∞[E;E
0]. (60)
Turn now to Noether identities of a Lagrangian system. One can associate to any graded
Lagrangian system (S∗∞[F ;Y ], L) the chain complex (61) whose one-boundaries vanish on-shell
as follows.
Let us consider the density-dual V F (59) of the vertical tangent bundle V F → F , and let us
enlarge the original field system algebra S∗∞[F ;Y ] to the differential bigraded algebra P
∗
∞[V F ;Y ]
(60) with a local generating basis
(sA, sA), [sA] = ([A] + 1)mod2.
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Following the conventional terminology of Lagrangian BRST theory [3, 21], we agree to call its
elements sA the antifields of antifield number Ant[sA] = 1. The differential bigraded algebra
P∗∞[V F ;Y ] is endowed with the nilpotent right graded derivation
δ =
←
∂
AEA,
where EA are the variational derivatives (45). Then we have the chain complex
0←Im δ
δ
←−P0,n∞ [V F ;Y ]1
δ
←−P0,n∞ [V F ;Y ]2 (61)
of graded densities of antifield number ≤ 2. Its one-boundaries δΦ, Φ ∈ P0,n∞ [V F ;Y ]2, by very
definition, vanish on-shell.
Any one-cycle
Φ =
∑
0≤|Λ|
ΦA,ΛsΛAω ∈ P
0,n
∞ [V F ;Y ]1 (62)
of the complex (61) is a differential operator on the bundle V F such that it is linear on fibres of
V F → F and its kernel contains the graded Euler–Lagrange operator δL (45), i.e.,
δΦ = 0,
∑
0≤|Λ|
ΦA,ΛdΛEAω = 0. (63)
Thus the one-cycles (62) define the Noether identities (63) of the Euler–Lagrange operator δL a
graded Lagrangian system (S∗∞[F ;Y ], L).
In particular, one-chains Φ (62) are necessarily Noether identities if they are boundaries.
Therefore, these Noether identities are called trivial. Accordingly, non-trivial Noether identities
modulo the trivial ones are associated to elements of the first homology H1(δ) of the complex
(61). A Lagrangian system is called degenerate if there are non-trivial Noether identities.
Let us assume that a C∞(X)-module H1(δ) is finitely generated. Namely, there exists a
graded projective C∞(X)-module C(0) ⊂ H1(δ) of finite rank possessing a local basis {∆rω}:
∆rω =
∑
0≤|Λ|
∆A,Λr sΛAω, ∆
A,Λ
r ∈ S
0
∞[F ;Y ], (64)
such that any element Φ ∈ H1(δ) factorizes as
Φ =
∑
0≤|Ξ|
Φr,ΞdΞ∆rω, Φ
r,Ξ ∈ S0∞[F ;Y ], (65)
through elements (64) of C(0). Thus, all non-trivial Noether identities (63) result from the Noether
identities
δ∆r =
∑
0≤|Λ|
∆A,Λr dΛEA = 0, (66)
called the complete Noether identities.
Hereafter, we restrict our consideration to Lagrangian systems whose non-trivial Noether
identities are finitely generated because this is just the case of gauge theory (Section 9).
Lemma 15. If the homology H1(δ) of the complex (61) is finitely generated in the above
mentioned sense, this complex can be extended to the one-exact chain complex (69) with a
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boundary operator whose nilpotency conditions are equivalent to the complete Noether identities
(66).
Indeed, by virtue of Serre–Swan Theorem 2, the graded module C(0) is isomorphic to a module
of sections of the density-dual E0 of some graded vector bundle E0 → X . Let us enlarge
P∗∞[V F ;Y ] to the differential bigraded algebra
P
∗
∞{0} = P
∗
∞[V F ⊕
Y
E0;Y ] (67)
possessing the local generating basis (sA, sA, cr) where cr are Noether antifields of Grassmann
parity [cr] = ([∆r]+1)mod 2 and antifield number Ant[cr] = 2. The differential bigraded algebra
(67) is provided with an odd right graded derivation
δ0 = δ +
∑
0≤|Λ|
←
∂
r∆A,Λr sΛA, (68)
called the Koszul–Tate operator. It is nilpotent iff the complete Noether identities (66) hold.
Then δ0 (68) is a boundary operator of a short chain complex, called the Koszul–Tate complex,
0←Im δ
δ
←P0,n∞ [V F ;Y ]1
δ0←P
0,n
∞ {0}2
δ0←P
0,n
∞ {0}3 (69)
of graded densities of antifield number ≤ 3. LetH∗(δ0) denote its homology. It is readily observed
that H0(δ0) = H1(δ1) = 0. Let us consider the second homology H2(δ0) of the complex (69). Its
two-chains read
Φ = G+H =
∑
0≤|Λ|
Gr,ΛcΛrω +
∑
0≤|Λ|,|Σ|
H(A,Λ)(B,Σ)sΛAsΣBω. (70)
Its two-cycles define the first-stage Noether identities
δ0Φ = 0,
∑
0≤|Λ|
Gr,ΛdΛ∆rω = −δH.
They are trivial either if a two-cycle Φ (70) is a δ0-boundary or its summand G vanishes on-
shell. A field theory is said to be irreducible if first-stage Noether identities are trivial. As was
mentioned above, we restrict our consideration to this case.
The inverse second Noether theorem (Theorem 16), that we formulate in homology terms,
associates to the Koszul–Tate complex (69) of non-trivial Noether identities the cochain sequence
(73) with the ascent operator u (74) whose components are non-trivial gauge symmetries of
Lagrangian system.
Let us start with the following notation. Given the differential bigraded algebra P
∗
∞{0} (67),
we consider a differential bigraded algebra
P∗∞{0} = P
∗
∞[F ⊕
Y
E0;Y ], (71)
possessing a local generating basis (sA, cr), [cr] = ([cr] + 1)mod2, and a differential bigraded
algebra
P ∗∞{0} = P
∗
∞[V F ⊕
Y
E0⊕
Y
E0;Y ] (72)
with a local generating basis (sA, sA, c
r, cr). Their elements c
r are called the ghosts of ghost
number gh[cr] = 1 and antifield number Ant[cr] = −1. A C∞(X)-module C(0) of ghosts is the
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density-dual of a module C(0) of antifields. The differential bigraded algebras P
∗
∞{0} (67) and
P∗∞{0} (71) are subalgebras of P
∗
∞{0} (72). The operator δ0 (68) is naturally extended to a
graded derivation of the differential bigraded algebra P ∗∞{0}.
Theorem 16. Given the Koszul–Tate complex (69), the module of graded densities P0,n∞ {0}
contains a short cochain sequence
0→ S0,n∞ [F ;Y ]
u
−→P0,n∞ {N}
1, (73)
u = uA
∂
∂sA
, uA =
∑
0≤|Λ|
crΛη(∆
A
r )
Λ, (74)
of ghost number ≤ 1. Its ascent operator u (74) is an odd graded derivation of ghost number 1
is a variational symmetry of a graded Lagrangian L.
A glance at the expression (74) shows that the variational symmetry u is a linear differential
operator on the C∞(X)-module C(0) of ghosts with values into the real space of variational
symmetries. Therefore, u (74) is a gauge symmetry of a graded Lagrangian L which is associated
to the complete Noether identities (66) [20, 30]. It is called the gauge operator.
Being a variational symmetry, the gauge operator u (74) defines the weak conservation law
(55). Let u be an exact Lagrangian symmetry. In this case, the associated symmetry current
Ju = −h0(u⌋ΞL) (75)
is conserved. The peculiarity of gauge conservation laws is that the symmetry current (75) is
reduced to a superpotential as follows [20, 30].
Theorem 17. If u (74) is an exact gauge symmetry of a graded Lagrangian L, the corre-
sponding conserved symmetry current Ju (75) takes a form
Ju =W + dHU = (W
µ + dνU
νµ)ωµ, (76)
where the term W vanishes on-shell, i.e., W ≈ 0, and U is a horizontal graded (n− 2)-form.
In contrast with the Koszul–Tate operator δ0 (68), the gauge operator u (74) need not be
nilpotent. Let us study its extension to a nilpotent graded derivation
b = u+ γ = u+ γr
∂
∂cr
(77)
of ghost number 1 by means of antifield-free terms γ of higher polynomial degree in ghosts cr
and their jets crΛ. We call b (77) the BRST operator, where gauge symmetries are extended to
BRST transformations acting on ghosts [19, 20].
We refer to [20] for necessary conditions of the existence of such a BRST extension. If such
an extension exists, a Lagrangian L also admits a certain BRST extension as follows.
The differential bigraded algebra P ∗∞{0} (72) is a particular field-antifield theory of the fol-
lowing type [3, 7, 21]. Let us consider a pull-back composite bundle
W = Z ×
X
Z ′ → Z → X
where Z ′ → X is a vector bundle. Let us regard it as a graded vector bundle over Z possessing
only odd part. The density-dual VW of the vertical tangent bundle VW of W → X is a graded
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vector bundle
VW = ((Z
′
⊕
Z
V ∗Z)⊗
Z
n
∧T ∗X)⊕
Y
Z ′
over Z (cf. (59)). Let us consider the differential bigraded algebra P∗∞[VW ;Z] (60) with the
local generating basis
(za, za), [za] = ([z
a] + 1)mod 2.
Its elements za and za are called fields and antifields, respectively.
Graded densities of this differential bigraded algebra are endowed with the antibracket
{Lω,L′ω} =

←δ L
δza
δL′
δza
+ (−1)[L
′]([L′]+1)
←
δ L′
δza
δL
δza

ω. (78)
With this antibracket, one associates to any even Lagrangian Lω the odd vertical graded deriva-
tions
υL =
←
E a∂a =
←
δ L
δza
∂
∂za
, (79)
υL =
←
∂
aEa =
←
∂
∂za
δL
δza
, (80)
ϑL = υL + υ
l
L = (−1)
[a]+1
(
δL
δza
∂
∂za
+
δL
δza
∂
∂za
)
, (81)
such that ϑL(L
′ω) = {Lω,L′ω}.
Theorem 18. The following conditions are equivalent [20].
(i) The antibracket of a Lagrangian Lω is dH -exact, i.e.,
{Lω,Lω} = 2
←
δ L
δza
δL
δza
ω = dHσ. (82)
(ii) The graded derivations υ (79) and υ (80) are variational symmetries of a Lagrangian Lω.
(iii) The graded derivation ϑL (81) is nilpotent.
The equality (82) is called the classical master equation. A solution of the master equation
(82) is called non-trivial if both the derivations (79) and (80) do not vanish. Being an element of
the differential bigraded algebra P ∗∞{0} (72), an original Lagrangian L obeys the master equation
(82) and yields the graded derivations υL = 0 (79) and υL = δ (80), i.e., it is a trivial solution of
the master equation. One can show the following [20].
Theorem 19. The master equation has a non-trivial solution
LE = L+ b(c
rcr) (83)
if the gauge operator u (74) can be extended to the BRST operator b (77),
The non-trivial solution LE (83) of the master equation is called the BRST extension of an
original Lagrangian L. As was mentioned above, it is a necessary step towards quantization of
classical Lagrangian field theory in terms of functional integrals.
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9 Yang–Mills gauge theory
Yang–Mills gauge theory is a theory of principal connections on principal bundles [20, 34].
Let
πP : P → X (84)
be a smooth principal bundle with a structure Lie group G which acts freely and transitively on
P on the right by a fibrewise morphism
RGP : G×
X
P ∋ p→ pg ∈ P, πP (p) = πP (pg), p ∈ P. (85)
As a consequence, the quotient of P with respect to the action (85) of G is diffeomorphic to a
base X , i.e., P/G = X .
A principal G-bundle P is equipped with a bundle atlas
ΨP = {(Uα, ψ
P
α ), ̺αβ} (86)
whose trivialization morphisms
ψPα : π
−1
P (Uα)→ Uα ×G
obey the condition ψPα (pg) = gψ
P
α (p), g ∈ G. Due to this property, every trivialization morphism
ψPα determines a unique local section zα : Uα → P such that (ψ
P
α ◦ zα)(x) = 1, x ∈ Uα. The
transformation law for zα reads
zβ(x) = zα(x)̺αβ(x), x ∈ Uα ∩ Uβ . (87)
Conversely, the family {(Uα, zα), ̺αβ} of local sections of P which obey the transformation law
(87) uniquely determines a bundle atlas ΨP of a principal bundle P .
In particular, it follows that a principal bundle admits a global section iff it is trivial.
Example 6. Let H be a closed subgroup of a real Lie group G. Then H is a Lie group. Let
G/H be the quotient of G with respect to an action of H on G by right multiplications. Then
πGH : G→ G/H (88)
is a principal H-bundle. If H is a maximal compact subgroup of G, then G/H is diffeomorphic
to Rm and, by virtue of the well known theorem, G → G/H is a trivial bundle, i.e., G is
diffeomorphic to the product Rm ×H .
Let us consider the tangent morphism
TRGP : (G× gl)×
X
TP −→
X
TP (89)
to the right action RGP (85) of G on P . Its restriction to T1G×X TP provides a homomorphism
gl ∋ ǫ→ ξǫ ∈ T (P ) (90)
of the left Lie algebra gl of G to the Lie algebra T (P ) of vector fields on P . Vector fields ξǫ (90)
are obviously vertical. They are called fundamental vector fields [23]. Given a basis {ǫr} for gl,
the corresponding fundamental vector fields ξr = ξǫr form a family of nowhere vanishing and
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linearly independent sections of the vertical tangent bundle V P of P → X . Consequently, this
bundle is trivial
V P = P × gl. (91)
Restricting the tangent morphism TRGP (89) to
TRGP : 0̂(G)×
X
TP −→
X
TP, (92)
we obtain the tangent prolongation of the structure group action RGP (85). Since the action of
G (85) on P is fibrewise, its action (92) is restricted to the vertical tangent bundle V P of P .
Taking the quotient of the tangent bundle TP → P and the vertical tangent bundle V P of
P by G (92), we obtain the vector bundles
TGP = TP/G, VGP = V P/G (93)
over X . Sections of TGP → X are G-invariant vector fields on P . Accordingly, sections of
VGP → X are G-invariant vertical vector fields on P . Hence, a typical fibre of VGP → X is the
right Lie algebra gr of G subject to the adjoint representation of a structure group G. Therefore,
VGP (93) is called the Lie algebra bundle.
Given a bundle atlas ΨP (86) of P , there is the corresponding atlas
Ψ = {(Uα, ψα),Ad̺αβ} (94)
of the Lie algebra bundle VGP , which is provided with bundle coordinates (Uα;x
µ, χm) with
respect to the fibre frames {em = ψ
−1
α (x)(εm)}, where {εm} is a basis for the Lie algebra gr.
These coordinates obey the transformation rule
̺(χm)εm = χ
mAd̺−1(εm).
A glance at this transformation rule shows that VGP is a bundle with a structure group G.
Moreover, it is associated with a principal G-bundle P .
Accordingly, the vector bundle TGP (93) is endowed with bundle coordinates (x
µ, x˙µ, χm)
with respect to the fibre frames {∂µ, em}. Their transformation rule is
̺(χm)εm = χ
mAd̺−1(εm) + x˙
µRmµ εm.
The Lie bracket of G-invariant vertical vector fields on P goes to the quotient by G and
defines the Lie bracket of sections of the vector bundle TV P → X . This bracket reads
[ξ, η] = crpqξ
pηqer. (95)
A glance at the expression (95) shows that sections of VGP form a finite-dimensional Lie C
∞(X)-
algebra, called the gauge algebra.
In classical gauge theory, gauge fields are conventionally described as principal connections
on principal bundles. Principal connections on a principal bundle P (84) are connections on P
which are equivariant with respect to the right action (85) of a structure group G on P . In order
to describe them, we follow the definition of connections on a fibre bundle Y → X as global
sections of the affine jet bundle J1Y → Y [20, 25, 34].
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Let J1P be the first order jet manifold of a principal G-bundle P → X (84). Then connections
on a principal bundle P → X are global sections
A : P → J1P (96)
of the affine jet bundle J1P → P . In order to define principal connections on P → X , let us
consider the jet prolongation
J1RGP : J
1(X ×G)×
X
J1P → J1P
of the morphism RGP (85). Restricting this morphism to
J1RG : 0̂(G)×
X
J1P → J1P,
we obtain the jet prolongation of the structure group action RGP (85). It reads
G ∋ g : j1xp→ (j
1
xp)g = j
1
x(pg). (97)
Taking the quotient of the affine jet bundle J1P by G (97), we obtain the affine bundle
C = J1P/G→ X (98)
modelled over the vector bundle
C = T ∗X ⊗
X
VGP → X.
Hence, there is the vertical splitting V C = C⊗X C of the vertical tangent bundle V C of C → X .
Remark 7. A glance at the expression (97) shows that the fibre bundle J1P → C is a
principal bundle with the structure group G. It is canonically isomorphic to the pull-back
J1P = PC = C ×
X
P → C. (99)
Since a connection A (96) on a principal bundle P → X is principal connection if it is equiv-
ariant under the action (97) of a structure group G, there is obvious one-to-one correspondence
between the principal connections on a principal G-bundle P and global sections
A : X → C (100)
of the factor bundle C → X (98), called the bundle of principal connections. Since the bundle
C → X is affine, principal connections on a principal bundle always exist.
A bundle of principal connections C is provided with bundle coordinates (xλ, amµ ) possessing
a transformation rule
̺(amµ )εm = (a
m
ν Ad̺−1(εm) +R
m
ν εm)
∂xν
∂x′µ
. (101)
Herewith, there is the canonical bundle monomorphism
λC : C ∋ (x
λ, amµ ) −→
X
dxµ ⊗ (∂µ + χ
m
µ em) ∈ T
∗X ⊗
X
TGP.
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Due to this bundle monomorphism, any principal connection A (100) is represented by a TGP -
valued form
A = dxλ ⊗ (∂λ +A
q
λeq) (102)
which provides a splitting of this exact sequence
0→ VGP −→
X
TGP −→TX → 0.
In classical gauge theory, global sections A (100) of the bundle C → X of principal connections
are treated as gauge fields [20, 25, 34].
Let us consider first order Lagrangian theory of principal connections. Its configuration
space is the first order jet manifold J1C of the bundle of principal connections C (98), endowed
with bundle coordinates (xµ, amµ ) possessing transition functions (101). This configuration space
admits the canonical splitting
J1C = C+⊕
C
C− = C+⊕
C
(C ×
X
2
∧T ∗X ⊗ VGP ), (103)
arλµ =
1
2
(Srλµ + F
r
λµ) =
1
2
(arλµ + a
r
µλ − c
r
pqa
p
λa
q
µ) +
1
2
(arλµ − a
r
µλ + c
r
pqa
p
λa
q
µ). (104)
Given a section A of a bundle C → X and its jet prolongation j1A, the projection of j1A to C−
is the strength
FA =
1
2
F rλµdx
λ ∧ dxµ ⊗ er,
F rλµ = F
r
λµ ◦ j
1A = ∂λA
r
µ − ∂µA
r
λ + c
r
pqA
p
λA
q
µ, (105)
of a gauge field A.
Given a first order Lagrangian
L = Lω : J1C →
n
∧T ∗X (106)
on J1C, the corresponding Euler–Lagrange operator (45) reads
EL = E
µ
r θ
r
µ ∧ ω = (∂
µ
r − dλ∂
λµ
r )Lθ
r
µ ∧ ω. (107)
Its kernel defines the Euler–Lagrange equation
Eµr = (∂
µ
r − dλ∂
λµ
r )L = 0.
In Yang–Mills gauge theory, the LagrangianL (106) is assumed to be invariant under principal
gauge transformations. These are vertical principal automorphisms ΦP of a principal G-bundle
P which are equivariant under the right action (85) of a structure group G on P , i.e.,
ΦP (pg) = ΦP (p)g, g ∈ G, p ∈ P. (108)
Every vertical principal automorphism of a principal bundle P is represented as ΦP (p) =
pf(p), p ∈ P , where f is a G-valued equivariant function on P , i.e.,
f(pg) = g−1f(p)g, g ∈ G. (109)
27
There is one-to-one correspondence between the equivariant functions f (109) and the global
sections s of the P -associated group bundle PG → X whose typical fibre is the group G which
acts on itself by the adjoint representation. This correspondence is defined by the relation
s(πP (p))p = pf(p), p ∈ P.
The group of vertical principal automorphisms of a principal G-bundle is called the gauge group.
It is isomorphic to the group PG(X) of global sections of the group bundle PG.
In order to describe principal gauge transformations of the Lagrangian L (106), let us restrict
our consideration to (local) one-parameter groups of vertical principal automorphisms of P . Their
infinitesimal generators are G-invariant vertical vector fields ξ on P . They are represented by
sections
ξ = ξpep (110)
of the Lie algebra bundle VGP → X (93). We call ξ (110) the infinitesimal principal gauge
transformations. They form a Lie C∞(X)-algebra.
Any (local) one-parameter group of principal automorphism ΦP (108) of a principal bundle
P admits the jet prolongation J1ΦP to a one-parameter group of G-equivariant automorphism
of the jet manifold J1P which, in turn, yields a one-parameter group of principal automorphisms
ΦC of the bundle of principal connections C (98). Its infinitesimal generator is a vector field on
C, called the principal vector field on C and regarded as an infinitesimal gauge transformation of
C. Thus, any infinitesimal principal gauge transformation ξ (110) on P yields a vertical vector
field
uξ = (∂µξ
r + crpqa
p
µξ
q)∂µr (111)
on C. Its jet prolongation onto J1C reads
J1uξ = uξ + (∂λµξ
r + crpqa
p
µ∂λξ
q + crpqa
p
λµξ
q)∂λµr .
It is readily justified that the monomorphism
VGP (X) ∋ ξ → uξ ∈ T (C) (112)
obeys the equality
u[ξ,η] = [uξ, uη], (113)
i.e., it is a monomorphism of real Lie algebras. Moreover, a glance at the expression (111) shows
that the monomorphism (112) is a linear first order differential operator which sends sections of
the pull-back bundle C ×
X
VGP → C onto sections of the vertical tangent bundle V C → C. We
therefore can treat vector fields (111) as infinitesimal gauge transformations depending on gauge
parameters ξ ∈ VGP (X) [19, 20].
Let us assume that the gauge theory Lagrangian L (106) on J1C is invariant under vertical
gauge transformations. This means that vertical vector fields (111) are exact symmetries of L,
i.e.,
LJ1uξL = 0. (114)
Then the first variational formula (54) for the Lie derivative (114) takes a form
0 = (∂µξ
r + crpqa
p
µξ
q)Eµr + dλ[(∂µξ
r + crpqa
p
µξ
q)∂λµr L)]. (115)
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It leads to the gauge invariance conditions
∂µλp L+ ∂
λµ
p L = 0, (116)
Eµr + dλ∂
λµ
r L+ c
q
pra
p
ν∂
µν
q L = 0, (117)
crpq(a
p
µE
µ
r + dλ(a
p
µ∂
λµ
r L)) = 0. (118)
One can regard the equalities (116) – (118) as the conditions of a Lagrangian L to be gauge
invariant. They are brought into the form
∂µλp L+ ∂
λµ
p L = 0. (119)
∂µq L+ c
r
pqa
p
ν∂
µν
r L = 0, (120)
crpq(a
p
µ∂
µ
r L+ a
p
λµ∂
λµ
r L) = 0. (121)
Let us utilize the coordinates (aqµ,F
r
λµ,S
r
λµ) (104) which correspond to the canonical splitting
(103) of the affine jet bundle J1C → C. With respect to these coordinates, the equation (119)
reads
∂L
∂Spµλ
= 0. (122)
Then the equation (120) takes a form
∂L
∂aqµ
= 0. (123)
A glance at the equalities (122) and (123) shows that a gauge invariant Lagrangian factorizes
through the strength coordinates F (104). Then the equation (121), written as
crpqF
p
λµ
∂L
∂Frλµ
= 0,
shows that the gauge symmetry uξ of a Lagrangian L is exact. The following thus has been
proved.
Theorem 20. A gauge theory Lagrangian (106) possesses the exact gauge symmetry uξ
(111) only if it factorizes through the strength F (104).
A corollary of this result is the well-known Utiyama theorem [11].
Theorem 21. There is a unique gauge invariant quadratic first order Lagrangian (with the
accuracy to variationally trivial ones). It is the conventional Yang–Mills Lagrangian
LYM =
1
4
aGpqg
λµgβνFpλβF
q
µν
√
|g|ω, g = det(gµν), (124)
where aG is a G-invariant bilinear form on the Lie algebra gr and g is a world metric on X .
The Euler–Lagrange operator (107) of the Yang–Mills Lagrangian LYM (124) is
EYM = E
µ
r θ
µ
r ∧ ω = (δ
n
r dλ + c
n
rpa
p
λ)(a
G
nqg
µαgλβFqαβ
√
|g|)θrµ ∧ ω. (125)
Its kernel defines the Yang–Mills equations
Eµr = (δ
n
r dλ + c
n
rpa
p
λ)(a
G
nqg
µαgλβFqαβ
√
|g|) = 0.
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We call a Lagrangian system (S∗∞[C], LYM) the Yang–Mills gauge theory.
Remark 8. In classical gauge theory, there are Lagrangians, e.g., the Chern–Simons one
which do not factorize through the strength of a gauge field, and whose gauge symmetry uξ (111)
is variational, but not exact.
Since the gauge symmetry uξ of the Yang–Mills Lagrangian (124) is exact, the first variational
formula (115) leads to the weak conservation law (55):
0 ≈ dλ(−uξ
µ
r∂
λµ
r LYM), (126)
of the Noether current (75):
J λξ = −(∂µξ
r + crpqa
p
µξ
q)(aGrqg
µαgλβFqαβ
√
|g|). (127)
In accordance with Theorem 17, the Noether current (127) is brought into the superpotential
form (76) which reads
J λξ = ξ
rEµr + dν(ξ
r∂[νµ]r LYM), U
νµ = ξraGrqg
ναgµβFqαβ
√
|g|.
The gauge invariance conditions (116) – (118) lead to the Noether identities
cprqa
q
µE
µ
p + dµE
µ
r = 0. (128)
which the Euler–Lagrange operator EYM (125) of the Yang–Mills Lagrangian (124) satisfies.
These Noether identities are associated to the gauge symmetry uξ (111). One can show the
following [20].
Lemma 22. The Noether identities (128) are non-trivial, complete an irreducible..
Thus, Yang–Mills gauge theory is an irreducible degenerate Lagrangian theory characterized
by the complete Noether identities (128).
Following inverse second Noether Theorem 16, let us consider the differential bigraded algebra
P ∗∞{0} = S
∗
∞[V C ⊕
C
VGP ;C ×
X
VGP ] (129)
with the local generating basis (arµ, a
µ
r , c
r, cr) where cr are odd ghosts. The gauge operator u
(74) associated to the Noether identities (128) reads
u = (crµ + c
r
pqa
p
µc
q)∂µr . (130)
It is an odd gauge symmetry of the Yang–Mills Lagrangian LYM which can be obtained from the
gauge symmetry uξ (111) by replacement of gauge parameters ξ
r with odd ghosts cr.
Furthermore, due to the relation (113), the gauge operator u (130) admits the nilpotent BRST
extension
b = (crµ + c
r
pqa
p
µc
q)
∂
∂arµ
−
1
2
crpqc
pcq
∂
∂cr
,
which is the well-known BRST operator in Yang–Mills gauge theory [21]. Then, by virtue of
Theorem 19, the Yang–Mills Lagrangian LYM is extended to a proper solution of the master
equation
LE = LYM + (c
r
µ + c
r
pqa
p
µc
q)aµrω −
1
2
crpqc
pcqcrω.
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10 Principal graded bundles
By analogy to gauge theory on principal bundles, we develop SUSY gauge theory as theory of
graded principal connections on principal graded bundles.
Graded principal bundles and connections on these bundles [25, 31, 36] can be studied similarly
to principal superbundles and principal superconnections [4, 25, 31]. Since the definition of a
graded Lie group and its Lie superalgebra involves the notion of a Hopf algebra, we start with
the following construction [36].
Let (Z,A) be a graded manifold of dimension (n,m). One considers the finite dual A(Z)◦ of
its structure ring A(Z) which consists of elements a of the dual A(Z)∗ of A(Z) vanishing on an
ideal of A(Z) of finite codimension. This is brought into a graded commutative coalgebra with
the comultiplication
∆◦(a)(f ⊗ f ′) = a(ff ′), f, f ′ ∈ A(Z), a ∈ A(Z)◦,
and the counit
ǫ◦(a) = a(1A(Z)).
In particular, A(Z)◦ includes the evaluation elements δz such that
δz(f) = (σ(f))(z).
Given an evaluation element δz, elements u ∈ A(Z)
◦ are said to be primitive relative to δz if they
obey a relation
∆◦(u) = u⊗ δz + δz ⊗ u.
These elements are derivations of A(Z) at z, i.e.,
u(ff ′) = u(f)δz(f
′) + (−1)[u][f ]δz(f)u(f
′).
Definition 23. A graded Lie group (G,G) is defined as a graded manifold whose body G is
a real Lie group, and the structure ring G(G) is a graded Hopf algebra (∆, ǫ, S) such that a body
epimorphism σ : G(G) → C∞(G) is a Hopf algebra morphism where a ring C∞(G) of smooth
real functions on a Lie group G possesses a real Hopf algebra structure with the co-operations:
∆(f)(g, g′) = f(gg′), ǫ(f) = f(1), S(f)(g) = f(g−1), f ∈ C∞(G).
One can show that the finite dual G(G)◦ of G(G)◦ is equipped with the structure of a real
Hopf algebra with the multiplication law
a ⋆ b = (a⊗ b) ◦∆, a, b ∈ G(G)◦. (131)
With respect to this multiplication, the evaluation elements δg, g ∈ G, provided with the product
δg ⋆δg′ = δgg′ (131), constitute a group isomorphic to G. They are called the group-like elements.
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It is readily observed that the set of primitive elements of G(G)◦ relative to δ1 is a real Lie
superalgebra g with respect to the bracket
[u, u′] = u ⋆ u′ − (−1)[u][u
′]u′ ⋆ u. (132)
It is called the Lie superalgebra of a graded Lie group (G,G). Its even part g0 is a Lie algebra of
a Lie group G.
One says that a graded Lie group (G,G) acts on a graded manifold (Z,A) on the right if there
exists a morphism of graded manifolds
(ϕ,Φ) : (Z,A)× (G,G)→ (Z,A)
such that the corresponding ring morphism
Φ : A(Z)→ A(Z)⊗ G(G)
defines a structure of a right G(G)-comodule on A(Z), i.e.,
(Id ⊗∆) ◦ Φ = (Φ⊗ Id ) ◦ Φ, (Id ⊗ ǫ) ◦ Φ = Id .
For a right action (ϕ,Φ) and for each element a ∈ G(G)◦, one can introduce a linear map
Φa = (Id ⊗ a) ◦ Φ : A(Z)→ A(Z). (133)
In particular, if a is a primitive element with respect to δe, then Φa ∈ dA(Z).
Let us consider a right action of a graded Lie group (G,G) on itself. If Φ = ∆ and a = δg is
a group-like element, then
rg = (Id ⊗ δg) ◦∆ (134)
is an even graded algebra isomorphism which corresponds to the right translation G → Gg.
Similarly, the left action
lg = (δg ⊗ Id ) ◦∆ (135)
is defined. If a ∈ g, then la is a derivation of G(G). Given a basis {ui} for g, the derivations Φui
constitute the global basis for dG(G), i.e., dG(G) is a free left G(G)-module. In particular, there
is a decomposition
G(G) = G′(G)⊕R G
′′(G),
G′(G) = {f ∈ G(G) : Φu(f) = 0, u ∈ g0},
G′′(G) = {f ∈ G(G) : Φu(f) = 0, u ∈ g1}.
Since G′′(G) ∼= C∞(G), one can show the following [1, 9, 24].
Theorem 24. A graded Lie group (G,G) is a simple graded manifold modelled over a trivial
bundle
G× ∧g∗1 → G, (136)
endowed with the right action rg, g ∈ G, (134) of a group G.
Let us turn now to the notion of a principal graded bundle, but, following Section 5, we
restrict our consideration to graded bundles over a smooth manifold X . A right action (ϕ,Φ)
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of graded Lie group (G,G) on a graded manifold (Z,A) is called free if, for each z ∈ Z, the
morphism Φz : A(Z)→ G(G) is such that the dual morphism Φz∗ : G(G)
◦ → A(Z)◦ is injective.
A right action (ϕ,Φ) of (G,G) on (Z,A) is said to be regular if the morphism
(ϕ× pr 1) ◦∆ : (Z,A)× (G,G)→ (Z,A)× (Z,A)
defines a closed graded submanifold of (Z,A)× (Z,A).
Remark 9. Let us note that (Z ′,A′) is said to be a graded submanifold of (Z,A) if there
exists a morphism (Z ′,A′)→ (Z,A) such that the corresponding morphism A′(Z ′)◦ → A(Z)◦ is
an inclusion. A graded submanifold is called closed if dim (Z ′,A′) < dim (Z,A).
Then we come to the following variant of the well-known theorem on the quotient of a graded
manifold [1, 36].
Theorem 25. A right action (ϕ,Φ) of (G,G) on (Z,A) is regular iff the quotient (Z/G,A/G)
is a graded manifold, i.e., there exists an epimorphism of graded manifolds (Z,A)→ (Z/G,A/G)
compatible with the surjection Z → Z/G.
In view of this Theorem, a principal graded bundle (P,A) can be defined as a locally trivial
submersion
(P,A)→ (P/G,A/G)
with respect to the right regular free action of (G,G) on (P,A). In an equivalent way, one can
say that a principal graded bundle is a graded manifold (P,A) together with a free right action of
a graded Lie group (G,G) on (P,A) such that the quotient (P/G,A/G) is a graded manifold and
the natural surjection (P,A) → (P/G,A/G) is a submersion. Obviously, P → P/G is a familiar
principal bundle with a structure group G.
As was mentioned above, we restrict our consideration to the case of a principal graded bundle
whose base a trivial graded manifold (X = P/G,A/G = C∞X ). i.e., principal graded bundles over
a smooth manifold X .
Definition 26. A principal graded bundle is defined to be is a simple graded manifold
(P,AF ) whose body is a principal bundle P → X with a structure group G, and which is
modelled over a composite bundle
F = P ×
X
W → P → X (137)
where W → X is P -associated bundle with a typical fibre g1 provided with the left action (135)
of a group G. A principal graded bundle (P,AF ) is subject to the right fibrewise action (133) of
a group G.
Remark 10. Being kept as a simple graded manifold, a graded bundle (P,AF ) fails to
admit an action of a graded Lie group (G,G). Therefore, it is not a principal graded bundle in
a strict sense.
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11 Yang–Mills supergauge theory
Let g be a finite-dimensional real Lie superalgebra with the basis {εr}, r = 1, . . . ,m, and real
structure constants crij such that
crij = −(−1)
[i][j]crji, [r] = [i] + [j],
(−1)[i][b]crijc
j
ab + (−1)
[a][i]crajc
j
bi + (−1)
[b][a]crbjc
j
ia = 0,
where [r] denotes the Grassmann parity of εr. Its even part g0 is a Lie algebra of some Lie group
G. Let the adjoint representation of g0 in g is extended to the corresponding action of G on g.
Let P be a principal bundle with a structure group G. Given Yang–Mills gauge theory of
principal connections on P (see Section 9), we aim to extend it to a Yang–Mills supergauge
theory associated to a Lie superalgebra g.
Let us consider a simple graded manifold (G,G) modelled over the trivial vector bundle (136).
In accordance with Theorem 24, this is a graded Lie group whose Lie superalgebra is g. Following
Definition 26, let us define a principal graded bundle (P,AF ) modelled over the composite bundle
(137).
Let J1F be a jet manifold of the fibre bundle F → X (137). It is a composite bundle
J1F → J1P → X, (138)
where J1F → J1P is a vector bundle. Then a simple graded manifold (J1P,AJ1f ) modelled
over J1F → J1P is a graded jet manifold of a principal graded bundle (P,AF ) in accordance
with Definition 7. The composite bundle (138) is provided with the jet prolongation of the right
action (133) of G onto (P,AF ). By analogy with the bundle of principal connections C (98), let
us consider the quotient
C = J1F/G→ C → X. (139)
Since C → C is a vector bundle, we have a simple graded manifold (C,AC) modelled over a vector
bundle C → C. It is a graded bundle over a smooth manifold X .
We develop supergauge theory as a Lagrangian theory on a graded bundle (C,AC) (see Section
7). Given a basis {εr} for g, we have a local basis (x
λ, arλ) of Grassmann parity [a
r
λ] = [r] for
a graded bundle (C,AC). Similarly to the splitting (104), jets of the elements a
r
λ admit the
decomposition
arλµ =
1
2
(Frλµ + S
r
λµ) = (140)
1
2
(arλµ − a
r
µλ + c
r
ija
i
λa
j
µ) +
1
2
(arλµ + a
r
µλ − c
r
ija
i
λa
j
µ).
Let us consider the differential bigraded algebra S∗∞[C;C] (41). Given the universal enveloping
algebra g of g, we assume that there exists an even quadratic Casimir element hijεiεj of g such
that the matrix hij is non-degenerate. Let g be metric on X . Then a graded Yang–Mills
Lagrangian is defined as
LYM =
1
4
hijg
λµgβνF iλβF
j
µνω.
Its variational derivatives Eλr obey the irreducible complete Noether identities
crjia
i
λE
λ
r + dλE
λ
j = 0.
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Therefore, let us enlarge the differential bigraded algebra S∗∞[C;C] to the differential bigraded
algebra
P ∗∞{0} = S
∗
∞[C ⊕
X
C,⊕
X
V F/G⊕
X
V F/G;P ],
where E denotes the density dual (58) of a fibre bundle E → X . Its local basis (xλ, arλ, a
λ
r , c
r, cr)
contains gauge fields arλ, their antifields a
λ
r of Grassmann parity
[aλr ] = ([r] + 1)mod 2,
the ghosts cr of Grassmann parity
[cr] = ([r] + 1)mod 2,
and the Noether antifields cr of Grassmann parity [cr] = [r]. Then the gauge operator (74) reads
u = (crλ − c
r
jic
jaiλ)
∂
∂arλ
(141)
(cf. (130)). It admits the nilpotent BRST extension
b = (crλ − c
r
jic
jaiλ)
∂
∂arλ
−
1
2
(−1)[i]crijc
icj
∂
∂cr
.
The corresponding proper solution (83) of the master equation takes a form
LE = LYM + (c
r
λ − c
r
jic
jaiλ)a
λ
rω −
1
2
(−1)[i]crijc
icjcrω.
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